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Mathematica might be helpful in some of the exercises.

1 Weight-shifting operators

1. Given the construction of 1d embedding space from yesterday, i.e.

Xm = γmαβχ
αχβ, (1)

show that there exist weight-shifting operators transforming in spin-j irrep of Spin(2, 1)

D(α1...α2j)
µ (2)

which change the scaling dimension by the weight µ = −j,−j + 1 . . . , j, and that
there are no other weight-shifting operators. (Not using the classification from the
lecture.)

2. Rewrite operators of j = 1 in terms of usual embedding space variable Xm and check
that they satisfy the consistency conditions, i.e.

Dmµ X2f(X) ∝ X2. (3)

3. (a) Write down tensor structures for three-point functions

〈φ1φ2φ3〉, 〈φ1ψ2ψ3〉, (4)

where φi are scalars and ψi are fermions.

(b) Define action of parity by1

χ→ γ2χ, (5)

1We use basis of gamma-matrices with

γ0 =

(
0 1
−1 0

)
, γ1 =

(
0 1
1 0

)
, γ2 =

(
1 0
0 −1

)
.
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and show that this implies that the contractions

(χ1χ2) = χ1,αχ
α
2 (6)

are parity-odd. Check that for each of the two correlation functions in (a) there
is one parity-odd and one parity-even structure. We will label these structures
by

〈· · ·〉(±). (7)

(c) It is convenient to describe j = 1/2 operators by contracting the free index with
a “polarization” spinor s,

Dαµ → sαDαµ . (8)

Show that if we act with parity also on s, then one of the two j = 1/2 weight-
shifting operators is parity-odd and the other is parity-even.

(d) Consider the crossing equation

sα〈φ1φ2(Dαµφ′3)〉(a) =
∑

ν=± 1
2
,b=±

Cab (µ, ν)sα〈(Dανψ′1)φ2ψ3〉(b), (9)

where the dimension of the primed operators is chosen so that both sides trans-
form in the same way.

Choose an α and µ on the right hand side. For example, α = + and µ = +1
2 .

Use parity selection rules to cut down the number of terms on the right hand
side. Check that there is a Cab (µ, ν) which solves the crossing equation.
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